UNCLA‘sSIFIED

ap 400 268

Reproduced
‘l/w Me

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNC]LASS]I]F][IE]D




NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U, S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formilated, furnished, or in any way
supplied the sald drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any mamer licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



&
A

&'

(- .
)
é:_ ) 43
A
o5

UNITED

NOLTR 63-31

) WWMV”" .

|

ST

400 268

Yot 3 3~
NOLTR 63-31

A FORTRAN Il (IBM_7090) PROGRAM FOR

THE CALCULATION OF ELECTRON WAVE
FUNCTIONS FOR THE SODIUM ION

" [og !
IR
P -
.
i i
! é‘u ] L i
4 !
O [ ...w‘!; :
! h [ B é t
U [ -

8 FEBRUARY 1963  “h:

ATES NAVAL ORDNANCE LABORATORY, WHITE OAK, MARYLAND

RELEASED T0 ASTIA
BY E NAVAL ORDNANCE LABORATORY
Without restrictions
[0 For Release to Military and Government
. Agencies Only. . ‘ .. '
] Approval by BuWeps required for release
to coatractors. . .
[ Approval by BuWeps réquired for Wi
subsequent releasé.

t



NOLTR 63-31
Mathematics Department Report M-34

A FORTRAN III (IBM 7090) PROGRAM FOR
THE CALCULATION OF ELECTRON WAVE. FUNCTIONS FOR THE SODIUM ION

Prepared By:

Gerhard Heiche
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This report describes a FORTRAN III (IBM 7090) program for the calcula-
tion of sodium-ion wave functions. This has been done in view of future,
theoretical evaluations, like transition probabilities and cross sections,
which are needed for guidance and interpretation of sodium-aro-tunnel
investigations.
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NOLTR 63-31

A FORTRAN III (IBM 7090) PROGRAM FOR
THE CALCULATION OF ELECTRON WAVE FUNCTIONS FOR THE SODIUM ION

PURPOSE; Determination of the radial part of the wave functions for the
electrons in the 1-s, 2~ and 2-p shells of the sodium ion.
The Hartree-Fock equations are used for this in a simplified
form, so that one deals with three uncoupled eigenvaiue equations.
The theory and the application of the results will be discussed
in NOLTR 63-32.

METHOD:

A. Mathematical

The following equations are solved for the eigenvalues 51,52,53

and the eigenfunctions P(1,r), P(2,r), P(3,r) :

|
o

5—5 2ty (11,00 = o | (1) =

I
o

IQ-

{g—i ;2.{5'(1‘)+y°(2,\2,r)] - 521 P(2,r)
{ %[Y(r)+yo(3,3,r) +% ¥,(3,3,r)] ~ &5 = %} P(3,r) = 0

where y(r) =11 - 2y°(1,l,r) - 2y°(2,2,r) - 6}'0(3,3,1’)

o0
hoh

k+1
and yk(n,m,r) = /(%)k P(n,p)P(m,p)dp + /(%) P(n,p)P(m,p)dp
o

T
with the boundary conditions:

r—=0 P(1,r)~. T P(2,r)~. T P(B,r)~r2

—f o T

r -+ co P(n,r) ~e ° oo

and the normalization condition / Pz(n,p)dp =1
0
The solutions are obtained by iteration: Starting with a first guess

for 61,82,83 and P(l,r);P(2,1“)"P(3,1’)

1) y(r) and yk(n,m,r) are calculated
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2) Then new P(n,r) are calculated by integrating the differen-
tial equations from r = 0 outwards. This is repeated
adjusting e until the absolute value of P(n,r) is a
minimum at an arbitrarily chosen, fixed, large r—value. The
changes in e, are effected as long as they are larger than
the required eigenvalue accuracy TE.

3) With the new eigenvalues 51,82,83 and the pertalning new
eigenfunctions P(1,r), P(2,r) P(3,r) the calculations are
started again in 1),

oo
This is repeated until )[ (Pold new) 24r ¢ TT, the prescribed

wavefunction accuracy.

Numerical Remarks:

1) Since the differential equations do not contain the first

derivative, Numerov's integration procedure is used: If the D.E.

is £"(r) = a(r). f{r) + b(r) one can, using 52fj=(Ar)2[fg+u%§62f3]

i

2
and fj+1 2fj - fj—l + 8 fj , derive

(Ar)z.‘ . (Ar)
B fj[2+ “15~ "0 aj] + L R a;_ ]+ 5t [10 bj+bi+l+bj_1]
j+1 7 (L\r)2
1-93 840

2) The preceding formula shows that the numerical procedure is
gimplified if the values of the independent variable r are
equidistant. On the other hand the accuracy is better if EE =
constant. Therefore as a compromise the f-range is subdivided
into several sets and in each of these sets, the f-values are

equidistant.
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Since the eigenvalues can be determined numerically only
within a certain accuracy, the pertaining wave functions do
not decrease exponentially for increasing r, but their
absolute values go through a minimum and increase then exponen—
tially., Therefore the final wave functions are obtained by
integrating the differential equations, using the final eigen—
values €. from r = O outward and from large r-values inward.
The outward and the inward solutions are then matched at some
point, which can be prescribed.

Since P(3,r) enters in y(r) with the coefficient 6, P(1,r)
and P(2,r) however only with the coefficient r , the iteration

procedure is speeded up by determining first P(3,r).

Programming

Input: in the following order

JF

Format (I3), restriction JF & 20, 1 card

JF is the number of sets into which the range of the independent
variable T is divided. Each of these sets is once more sub-
divided into equally spaced intervals. The endpoints of these
intervals are the values of r wused in t.he program and calculated
by the program in the subroutine Radius.

NF(J) XP(J)

Format (I4, B14.6), restriction: NF(JS(L))a 6, J =1,...JF,JF cards

NF(J) is the number of intervals into which the Jth set is sub-

divided.

XF(J) is the right endpoint of the Jth set

-3




3)

4)

5)

6)

NOLTR 63-31
Js(L)
Format (313), L=1,...3, 1 card
JS(L) i; the number of the r—set in which the backward and
the forward integrated solution for the Lth wave function
will be matched.
TE TT E(1) E(2) E(3)
Format (5El4.6) 1 card
TE is permissible absolute error for elgenvalues.
TT is permissible sum of sqﬁared aeviations of wave functions .
E(L) is the (guess of the) Lth eigenvalue.
P(L,N)
Format (3E14.8) s L=1,...3> N=1,...NFF
Restriction NFF< 1000 ,  NFF cards
P(L,N) 4is the Nth value of the guessed Lth wave funcfion.
NFF' is the total number of R—-points and will be calculated
in Radius.
DATE
Format (245) 1 card
Output: in the following order
Each time the calculated eigenvalue E(L) differs from the
previous value of E(L) by an amount smaller than TE there will
be printed:
a) P(L,N) PB(N)
Format (2E18.9) , N = 1,NFF
P(L,N) is the Nth value of the Lth wave function obtained by
forward integration.
PB(N) is the Nth value of the Lth wave function.obtained

by backward integration.
—b=
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b) E(L)
Format (E18.9)
E(L) the calculated Lth eigenvalue

2) At the end of the complete calculation will be printed:

a) DATE
Format (245)

b) E(L)
Format (3E14.9), L =1,3
E(L) the final values of the eigenvalues

¢) TE, TT
Format (2El4.6)
TE is the permissible absolute error for eigenvalues
TT is the permissible sum of squared deviation of wave

functions.

d) R(N) ©P(1,N}) P(2,N) P(3,N) Z(N) ZNL(1,N) ZNL(2,N)
ZNL(3,N)
Format (8E14.6) , N = 1,NFF
R(N) is the Nth value of the independent variable r
P(L,N) is the Nth value of the final Lth wave function
Z(N) is the Nth value of the sodium ion potential
ZNL(L,N) is the Nth value of the potential for the Lth wave

function

PROGRAM FORM:
A. Type of Code FORTRAN 7090
B. Type of Monitor BELL

C. Number of Tape Units required (other than System Tapes): None

-5
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CODING INFORMATION:

A.

B.

Storage Required

1. Regular: 3894 (Total)

2. Common: 19037 (Total)

Accuracy:

TE — The accuracy to which the eigenvalues are to be calculated
can be prescribed.

TT — The sum of squared deviations of iterated wave functions
can be preseribed.

Timing:

It takes about 7 minutes to calculate 70 values for each of the

three wave functions, when the prescribed accuracy of the eigen-

values is TE = 10_3 and the prescribed sum of squared deviations

of iterated vave functions is TT = 1072 .

Additional Subroutines Required:

This program uses only subroutines on the library tape and sub-

routines incorporated in this program. In fact this program has

been split into the following subroutines:

1) Main Hartree Storage 217 + Common is the Main program.

2) Subroutine BINT(L) Storage‘BOA + Common. It calculates the

Lth wave function by integrating backwards from large r values

to small ones .

3) Subroutine EIGEN(L) Storage 283 + Common. It determines the

Lth eigenvalue.

4) Subroutine FINT(L) Storage 390 + Common. It calculates the

Lth wave function by integrating forward.




9)

10)

11)

12)
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Subroutine OUTPUT Storage 182 + Common., Prints the
final results.
Subroutine PRINT(L) Storage 41 + Common. Prints for the
I.th wave function the values obtained by forward integra—
tion as well as the valves obtained by backward integra-
tion. It also prints the Lth eigenvalue.
Subroutine RADIUS Storage 59 + Common. Divides the r-range
into several sets and covers each of these sets by equi-
distant points.
Subroutine RINT(U) Storage 137 + Common. Dimension U(1000)
calculates the integral of a function defined on the points
calculated in Radius. U are the values of the integral,
the function itself is transmitted through Common.
Subroutine SSRL(L) Storage 244 + Common. Calculates certain
integrals of the Lth wave function
Subroutine TEST Storage 153 + Common. Tests whether the
calculated wave functioms fulfill the required accuracy.
Function ¥B{(4,D,L) Storage 128 + Common
Dimension A(10), D(R)
Is a backward interpolation for A, to get from one set of
equidistant r-values into the preceding one.
Function YF(A,D,I) Storage 81 + Common.
Dimension A(7), D(2)
Is a forward interpolation for A, to get from one set of

equidistant r-values into the following one.




13)

14)
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Subroutine Y2(P2) Storage 1088 + Common

Dimension P2(1.000)

Calcﬁlates some integrals of the wave functions,
Subroutine ZPI Storage 101 + Common. Calculates the

potentials for the wave functions.

The determination of these wave functions was undertaken in connection

with a sodium-arc-tunnel project. With their aid cross—sections,

transition-probabilities, line strength and line profiles can be cal—~

culated.

data.

This in turn can be used for interpretation of experimental

SPECIAL FEATURES: None

RESTRICTIONS:

A,

Error Comments and Stops:

The program calls ENDJOB if

a)

b)

NFF > 1000 where NFF is the number of values of a single wave
funection.

NF(JS(L)) < 6 where NF(JS(L)) is the number of equidistant
points in the r-range in which the forward and backward in-

tegrated solution of the Lth wave function are matched.

Range of Parameters:

a)

b)

NFF < 1000 where NFF is the number of points of a single wave
function.

JF <20 JF is the number of sets into which the r-range is
divided. Each of these ranges is again subdivided into equal

intervals,

-8~
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APPENDIX A
Listing of Program

FOR
MAIN HARTREE _
COMMON JFaNF o XFoDXoNFF o TE2TT 9EoPoPFeRISIRRIZ9ZNLIPBJSHIS
DIMENSION NF(20)sXF{20)9DX(20)9sE{3)9sP{341000)9PF(3+1000)sR{1000)
15(391000)9RR(3+s1000)92(1000)9ZNL{31000)+PB{1000)sJS(3)e1S5(3)}
READ 1000 JF
READ 1O001e(NF(J) s XF{J)sJmlyJF)
READ 10039 (JS(L)sL=143)
DO 28 L=143
JSS=JS(L)
IF(6=NF(JSS$))259259180
IS(L)=1+NF(JSS)/2
JS1=2ySS=-1
DO 28 J=1ly4JS1
IS(L)=IS(L)+NF(J)
NFF=]
DO 50 J=lsJF
NFFeNFF+NF(J)
IF(NFF«1000) 709709180
READ 1002+TESTTHE(L)9E(2)2E(3)s((P(LIN)sL=193)sN=LsNFF)
CALL RADIUS
DO 120 L=1,y3
CALL SSRLI(L)
X= SQRTF(S(LsNFF))
DO 120 N=1,yNFF
P(LaN)=P(LoN)/X
CALL TESTY
CALL ZPI
DO 160 L=1,3
CALL EIGEN(L)
GO TO 90
FORMAT (13)
FORMAT (149E1446)
FORMAT (5E1446/(3E14461})
FORMAT (313)
CALL SYSTEM
END
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FOR
SUBROUTINE BINTI(L!
COMMON JF osNF o XFoDXoNFFoTESsTTsEsPsPFoRsSIRRZ eZNLOPBsJSHIS
DIMENSION NF(20)sXF{20)9DX(20}9E(3)sP{391000)sPF(3+1000)sR(1000)
1S(351000)9sRR(391000)92(1000)+ZNL(3+1000)sPB{1000}sJS(3)915(3)
20 B=,000000001
30 W=DX(JF)%%2/12,
40 C={ZNL(LoNFF=1)+E(L))*DX(JF)*%2
50 X=C/2e+SQRTF(CH*(1e+C/24))
60 PBINFF}=B/(la+X)
70 PB(NFF=1)=B
80 NA=NFF
90 JA=JF=JS(L)+1
100 DO 190 K=ljyJA
110 J=JF+1=K
120 NFlaNF(J)=1
130 DO 150 M=14NF1
140 MaNA=1l=M
150 PBIN)=(PBIN+L)#(2¢+WH(ZNL{LIN+Y1)+E(L))%10
1 }+PBIN+2) % (W* (ZNL(L9N+2)+E(
2L))=1a) )/ (La=Wk(ZNL(LON)}+E(L)))
160 NA=NA=NF (J)
170 MaNA=~]
180 wW=DX(J~1)%%2/12,
190 PB{M)=a(PB(M+L )% (2¢+WH(ZNL(LoM+L)+E(L))I*100

1 JEYF(PB(M+1)sDX{J=ml)ol)#(WH
ZUYFIZNL(LoM+1)oDX{U=1193)+ECL))I=10) ) /(La=W*(ZNL(LIM)I*E(L)))
RETURN

END

=10=
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FOR
SUBROUTINE EIGENI(L)

COMMON JFaNF o XF oDXsNFFsTEsTT9E9sPsPFaR9SIRRIZsZNLIPBsJSHIS
DIMENSION NF(20)sXF(20)sDX(20)9E(3)sP(391000)sPF(391000}sR{1000)
151(392000)sRR(391000)¢Z(1000)+ZNL{3+1000)sPB(1000)9JS(3)s1S(3)

CALL FINT(L)

EL=E(L) )
AL=P(LaNFF)

E(L)=EL+,001
CALL FINTIL)
IF(SIGNF(L1esAL)#P(LsNFF)) T0s704110
EUsEL
AUmAL
GO TO 210

IF(PILINFF)) 12042809130
IF(AL=P(LsNFF)) 209204140
IF(AL=P{LsNFF)) 140420»20
E(L)=EL~.001
GO Y0 50

EO=E(L)
E(L)=(AUSEL-AL®EU)/ (AU=AL)
DE =ABSF{EO=E(L))
IF(DE=TE) 28092004200
CALL FINTI(L)

IF(P(LoNFF)) 22042804250
AL=P (L oNFF)

EL=E(L)

GO TO 160
AU=P (L oNFF)

EUsE(L)
GO YO 160

CALL BINT(L)

1SS=15(L)
X=P(L+1S5)/PB(15S)

DO 320 N=ISSsNFF
P(LyN)=PB(N)*X
CALL SSRLIL)
WeSQRTF(S(LeNFF))

DO 360 Ns=lsNFF
PILIN)=P(Le¢N)/W
CALL ZP1

CALL PRINT(L)
IFLABSF(A=E(L))~TE) 42044009400
A=E(L)

GO YO 10

RETURN

END
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FOR
SUBROUTINE FINT(L)
COMMON JFoNF s XFoDXoaNFFeTEsTToEsPsPFsRsSIRReZsZNLIPBIJSHIS
DIMENSION NF(20)sXF (20)¢DX{20)sE(3)sP(391000)sPF{3s1000)»R{1000)»
15(3+1000)2RR(3+1000) 9241000} sZNL{3+1000)sPB{1000)9JS(3)sIS5(3)
10 FIRSTF(X)=X*#{B+le) *{le=X #1lle/(1le+B)+X ¥h2/(batle¥B)H((24=B)%
11214=Vi=11a/(18e% {1 4+B%F4) )% {(1a+BI*121a=(20+54%B) %y )#X #%3)
20 B3=FLOATF(L/3)
30 WeDX(1)%%2/12,
40 V=4 % (RR{LINFF)I/S{1oNFF)+RR(29NFF)/S(2oNFFI+3¢#RR(39yNFF)/S(39NFF)
11=2#RR(LINFF)/SILINFFI=E(L)
60 P(Ls1)=0s
80 P(L42)=FIRSTF(R(2))
100 P(Ls3)aFIRSTF(R(3))
110 K=1
120 KA=23
130 DO 210 J=14JF
140 M=K+KA
150 K=K+NF(J)
160 DO 170 N=MsK
170 PLANIS(PILIN=L)* {2 +WH (ZNLILON=1)4E(L))%10e)¢ P{LIN=2)%{WH*(ZNL
TCLON=2)4E(L))=1e) )/ (La=W¥(ZNLILoN)+E(L)))
180 IF(J=JF) 19092104190
190 W=DX{J+1)##2/12, °
200 P{LaK+1)m(P(LaK)*{2o4+WH(ZNLILIKI+E(L)I*10e)+YB(P(LsK=3)sDX(J)0s3)#{(
IWK{YBIZNLIL oK~3)oDX(J) 93 )+E(L)I=10) )/ (La=WR(ZNL{LoK+1}+E(L)})
210 KA=2
220 RETURN
END

~-12-
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FOR
SUBROUTINE OUTPUT
COMMON JF oNF o XFsDXsNFFoTEoTTHEsPoPFIRSIRRZ9ZNL
DIMENSION NF(20)sXF (201 eDX{20)3E(3)eP(391000)sPF(351000)sR(1000)»
1S(391000)9RR{391000)eZ(1000)¢ZNL(391000)
10 READ 10009D14D2
20 PRINT1001sDYoD29E(L)9E(2)2E(3)sTESsTToR(1)sP(1p1)eP(241)9P(391)y
1Z(1)eZNUCL9l ) 2ZNL(291) 0ZNL(30])
30 M=l
40 DO 70 J=lsJF
50 K=M+l
60 M=M+NF(J)
70 PRINT 100Z2¢({RIN)sP{LsN}9sP{2oN)oP(3sN)9Z(N)sZNL(L1oN) 9sZNLI29N) sZNL
1(3sN)sNaK M)
90 CALL ENDJOB

1000 FORMAT (2A5)
1001 FORMAT (1H1:36X+4THWAVE FUNCTIONS FOR SODIUM ION BY HARTREE METHOD

1//55X92A5////71TX+3HEL1=E1449917X93HE2=E1449¢17X93HEAREL4L 49/

2 25H ACCURACY OF EIGENVALUE=E1446040X926HACCURACY OF WA
BVEFUNCTIONS=EL445///3H RI1I3Xs6HPL1S(R) 38X96HP2S(R) 98X 96HP2P(R)9BX04
4HZ(R) 911X96HZ1SIR) 9BX»6H2Z2S{R) 98X 96HZ2P(R)//8E1446)

1002 FORMAT (1H /(BEl4e6))
1003 FORMAT (3El4,6)

END
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FOR
SUBROUTINE PRINT(L)
COMMON JFoNFaXFaDXINFFoTESTY oEsP sPFoRsSoRReZIZNLIPBJISHIS
DIMENSION NF{20)eXF{20)9DX(20)sE(3)sP(351000)sPF(3s1000)9sR(1000D)s
15(391000)9RR(341000)9Z(1000)sZNLI3+1000)sPB(10CO)9JS{3)01S(3)
10 PRINT 1000 »(P(LeNY+PB(N)oN=LoNFF)oE(L)
20 RETURN
1000 FORMAT (2E1849)
END

-1/~
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FOR
SUBROUTINE RADIUS
COMMON JF oNFoXFoDXaNFFoTESTToE9PoPFyReSIRROZsZNL
DIMENSION NF(20)¢XF(20)9sDX(20)9E(3)eP(391000)sPF{391000)sR{(1000)
1S{391000)sRR({3+1000)+Z(1000)9ZNL{31000)
10 K=1
20 A=O,
30 R(1)=0,
40 DO 100 J=mlJF
50 M=K+l
60 KsK+eNF(J)
T0 AsXF(J)=A
80 DX(J)=sA/FLOAYF(NF(J))
AeXF(J)
90 DO 100 N=M,uK
100 R{N)=R{N=1)+DX(J)
110 RETURN
END
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FOR
SUBROUTINE RINT{U)
COMMON JFoNF o XFoDXoNFFsTESTT oEsPoPFsRISIRRSZvZNLIPBIJSHIS
14X1
DIMENSION NF(20)sXF{20)sDX(20)sE(3)sP(341000)sPF(3+1000)9R(2000)0
15(341000)2RR(391000)92Z11000)¢ZNL{3¢1000)sPB(1000)9JS(3)e1S5(3)
29U(1000)X1{1000)
AxDX(1)/7124
X1(1)=0e¢
Ufl)=0e
U(2)=A%(84#X1(2)=X1(3))
K=l
DO 30 J=lpJF
MnKe2
KeKeNF(J)
DO 20 N=MsK
Ba=X1(N=2)
CuBy#Xl(N=})
DS #X1 (N}
UIN)sU(N=1)+AR*(B+C+D)
IF{J=JF) 25430035
AnDX(J+1) /712,
Br~YB(X1(K=3})eDX(J)9l)
CuB8guX1(K)
D5 #X) (K*1)
UIK$1)sU(K)+A%(B+C+D)
CONT INUE
RETURN
END

-16-
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FOR '
SUBROUTINE SSRLIL)
COMMON JF oNF o XF)DXoNFFoTESTToEsPsPFaRsSoRRIZ9INLSPBJSHIS
DIMENSION NFI2Q)eXF({20)9DX(20)+E(3)eP(34100Q)sPF(321000)sR(1000})0
15:3a1?00)|RR(301000).2(IOOO)QZNLCS'IOOO?09841000)045131015(3)
R(l)=1,
StLslin0e
AeDX(1)/12,
BB nP(Lo2)#n2
ComP(Lo3)8n2
SiLs2)aAn(84C)
RR{Lsl)=0s
RR{Le2) » AR{B/R{2)1+C/R(Y)}))}
K=l
DO 170 JsleJE
MsK+2
KeKeNF(J)
DO 130 N=MyK 1
BrepP (L gN=2) 282
CuBo#P(LoNml) a2
Duf 2P (L sN)#02
S(LoN)eS(LoN=1) AR (B+CeD)
RRILsN) SRR (L ¢N=1)¢A&({B/R{N=2)+C/R(N=1)+D/R(N)}

- IFLJ=JF) 14141700190

A=DX(Je¢1) /12,

Br=YB(P(LoK=3)sDX{J) eI )#02

CoBonP (L oK) Hu2

DuBenP(LoK+])ua2

S{LoK+llnS{LeK)+4%({B+CeD)
RR{LoK*1)SRR(LoKI+AR(B/R(K=1)+C/RIK)+D/R(K+1 )}
CONTINUE

R(1)m0,

RETURN

END

17—
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40
80
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80
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110
120
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160
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FOR
SUBROUTINE TESY

COMMON JFaNF s XFoDXsNFFoTEsTToEsPoPFyR9SIRRIZ1ZNLIPBIJSHIS
DIMENSION NF(20) o XF{20)oDX(20)9E{3)eP(3+1000)sPF{3+1000)9R(1000)4
15(341000)9sRR(391000)+Z(1000)+sZNL(341000)4PB{1000) sJS(3)s1S(3)

K=1
Te0,
DO 100 J=l,pJF
MuK+?2
KaK+NF(J)
AnQ,
DO 80 N=aMyKs2
ASA+SQ  (N=2)+4,%#5Q (N=1)+85Q (N)
ASA+FLOATF(NFIJ)=(NF(J)/2)#2)%(~8Q
1744
TaT+A®DX(JS)}/3
IF(T=TT) 1209120130
CALL OUTPUT
DO 150 =193
DO 150 N=1,)NFF
PF{LsNIun{P(LoeN)EPF(LasN}) /24
RETURN
END

~18~
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FOR

FUNCTION YB{(AwDol)

DIMENSION A{10)9D(2)

8e=D{2}

Bls B8 ¢+ Dt})

82 o B ¢ D(1}

BS » 82 + D(1)

CubaD(]1)nn3

YBu (Ble#B2#(A{INL4+1)4BI~A(1)NB )43 %BRBIN(A(L+1)#BlaA(24L+1)%B2))/C
"

-19-
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FOR

FUNCTION YFLADsL)
DIMENSION A(T)eD(2)
BrA (2% +]1)=2s#A{L+1)+A(])
CoA(2%L+1 )+heRA(Le]l)3ynA(]))
X=D{1)/D0(2)
YFu (BEXHCIRX/24+A(1)

RETURN

END

~20-
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SUBR 1
COMM JFoN
1ex1l
DIMENSION NF{20)eXF(20)sDX{20)90E(3)9P{391000)}sPF(3+1000)sR(1000)
151321000)+RR(3»1000)sZ(1000) eZNL{391000})sPB(1000)¢JS(3)915(3)
29P211000)9X1(1000)»U(1000)
DO 10 N=2sNFF
10 XI(NIS(P(3ogN)®R(N) ) ##2
CALL RINT(U)
DO 20 N=24NFF
20 X1{N)apP(3gN)#¥*2/R(N)%»3
CALL RINT(P2)
P2(1)=04
DO 30 N=2y¢NFF
HER(N) ##2
30 P2(N)2U(N)/H+H®RIN}*(P2(NFF)=RP2(N))
REYURN
END

QUTINE Y2(P2)
ON JFoNF o XFsDXaNFFoTEe TToEsP¢PFaRISIRRIZoZNLIPBJISHIS
NS ? F

-21-
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FOR

SUBROUTINE ZpP!

COMMON JF sNF o XFaDXoNFFITESTTHEIPIPFoRoSsRRoZeZINLIWPBJS IS
DIMENSION NF(20)sXF(20)sDXI2019E(3)»P{301000)sPF(3s1000)+R{1000)»
15(391000)9RR(341000)9Z(1000) #ZNL{3p1000)ePBI1000)»JS(3)e18(3)

10

30
31
32
33
40
41
50
60
10
80
90

Ril)ml,

CALL Y2(2)

DO 70 N=2)NFF
A=Y (1N}
BeY(24N)
C=Y(3¢N)

EE  ==11,+2.#(A+B+3,%C)

D#24/R(N}
INL(1sN)=DH{EE
ZNL (2N} =D®(EE
INL(3sN)=D*(EE
R(11=0,

RETURN

END

=A)
~-8)
~Coob#*Z (N)+14/R(N))

-22-




MAIN ROUTINE

NOLTR 63~31

APPENDIX B — FLOW CHART

Read: number of r—intervals,

number of points in each interval,
right endpoint of each interval,

number of interval where backward

and forward solutions are to be matched

number of points in matching interval™

Calculate: matching point,
total number of points

otal number of points

No Stop
Read: required accuracies of eigenvalues,
required accuracies of wave function,
guessed eigenvalues, guessed wave functions
|Calculate values of independent variable|
4
[Normalize wave functions |
Are Print
Wavefunctions accurate Yes Wavefunctions
enoufiz’//,//,,/” elgenvalues
No

[Calculate coefficients in differential equation]

[Qg;culate new eigenvalues and new wavefunctions|




BINT(L)

NOLTR 63-31

Compute PB(NFF) and PB(NFF-1)

(ﬁDo for all r—intorvala<)

(bo for all equispaced points in an 1nterv(i)

Compute PB(N) using PB(N+1) and PB(N+2)
according to Numerov's procedure

Continue

Initialize for next interval by
extrapolating PB forward

" Continue




NOLTR 63-31

EIGEN(L)

| Integrate forward |

[Tncrease eigenvalue by .001]

L
[Put AL = P(L,NFF)|

[Intog{at'e forward | [Decrease eigenvalue by .001]

Have
AL and new P(L,NFF)
same sign?

P(L,NFF)| <IA)
?

No )
Interpolate linearly to find eigenvalue |
that would give P(L,NFF)=0

integrate forward |

|Integrate backward |
¥

[Patch forvard and backward solution|
1

[ Normalise wave function|
¥

ICalculato coefficients in differential equations

'
|Print wave function|




FINT(L)

NOLTR 63-31

| compute P(L,1), P(L,2) and P(L,3) |

4
(Do for all r—intervals)
Y]

¥
(Do for all equispaced points in an interval)

Compute P(L,N) using P(L,N-1) and P(L,N-2)
according to Numerov's procedure

4—{Continuol

Initialize for next interval by
extrapolating P forward

Continue

—26~
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RADIUS

R(1) = 0O

( Do for all r-intervals )

Compute the spacing DX
in an interval

.
(bo for all points in an intervnl]

R(N-1) + DX|

Continue

27




RINT(U)

NOLTR 63~31

Set Stepsizxe
Compute U(1), U(2)

|

(*bo for all r—intervalé)

(:Do for all points in interva%;)

Compute by Simpson's rule the
integral U(N) of X1(N)

Continus

Set Stepsize
By interpolation of X1, calculate
U for first interior point in
next interval

{ Continue

—28-




SSR

NOLTR 63-31

(7 Do for all 3 wave funotions_)

| Set Stepsaise, initialize]

(bo for all r—intervaly)

(*Do for all points in an interval )

Calculate the integrals over
P? and P/R

[s.t Stepsize, initia.linl

Continue

Continue




NOLTR 63-31

TEST

Calculate by Simpson's rule the
square deviation between previous
and present wave function

Is
the deviation larger than
required accurac

Print Results

Replace previous by present
wave function

~30-




Y2(P2)

NOLTR 63-31

(D0 N =2, NFF )

X(N) = [P(3,N) « R(N)]?

‘—‘@ﬁ'lTu_-]

Call RINT(U)

(Do N = 2,NFF)
A

X1(X) = P(3,N)2/R(N)>

Call RINT(P2)
P2(1) = 0

\
(oo N = 2,NFF)

P2(N) = UN)/R(N)? + R(N)>[P2(NFF) — P2(N)]

Continue

-3]
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Zrl

(o N= 1,NFF )

Hun
< MO

lContinue ]

-32-




The

NOLTR 63-31

APPENDIX C

EXAMPLE:

r-range was chosen from O to 10.

It was divided into 5 sets, so JF = 5.

These sets were

from O to 0.04 0.01 so NF(1) = 4 XF(1) = .04
0.04 0.2 0.02 NF(2) =8, XF(2) = .2
0.2 0.5 0.05 NF(3) =6, XF(3) =.5
0.5 1.2 . 0.1 NF(4) =7, XF(4) =1.2
1.2 10 ©0.2 NF(5) = 44,  XF(5) =10.

the forward and backward integrated solutions get matched in the interval

The

The

The

0.5 5 r < 1.2 50
Js(1) = 4 Js(2) = 4 J8(3) = 4

permissible absolute error for the eigenvalues was chosen to be 10-4

50 TE = 1074 .

permissible sum of squared deviations of wave functions was chosen to
167

so  TT=107 .
guesses for the 3 eigenvalues were taken as

E(1) = 81 E(2) = 4.546948 E(3) = 3.204463
5

Since NFF =1+ 3 NF(J) = 70 there follows three columns with 70 values

=1

each for the guesses of the three wave functions.

The last input iz the DATE  01-25-1962




EXAMPLE (INPUT)

ol E~-03

0

04629350E 00
0ell1l2863E 01
0e151784E 01
0,181501E 01
0e219322E 01
04235731E 01
0e237832E 01
0e¢230628E 01
02217621E 01
04201312E 01
0.183502E 01
0e165292E 01
06122768E 01
0e878488E 00
0+4614341E 00
0e422235E~-00
0+287160E~00
04194108E-00
04880489E=~01
04400222E-01
0.180100E-01
04800445E~02
04300167E~-02
0¢100056E=~02

~0e

«~0s

~0

-0

04

=0

Qe

-0

=0

=0

=0

-0

~0e

=0

«~Q0

=04
O

-0
Qe
Qe

-0
O

=0
O
O
Oe

ol E-~02
“Qe
0e154058E~00
06274103E=-00
04366138E=00
0.433163E=00
0.,507191E 00
04517195E 00
0+¢481181E-0Q0
04412155E~00
0¢320121E-00
04215081E-00
0.102038E-~00
=0+150057€-01
~04301114E=~00
~0e555209E 00
=0+4763288E 00
~04923348E 00
=04103739E 01
-04111242E 01
~0s116944E 01
~041139432E 01
~06106140E 01
~04958361E 00
~-0+846319E 00
~0e736278E 00
~-0s632238E 00
«0¢455172E-~00
~04319120E~00
~04220083E-00
=0s+149056E-00
~04101038E~00
~04680257E~01
~0¢450170E~01
=0¢300113E=-0Q1
~0+4200075E~01
~04130049E~01
=0e¢900340E~02
~0e600226E~02
=04400151E~02
~0e200075E~02
=00914625E-03
=04120045E=02
-04800305E~03
~0¢280106E-03
“0¢596273E~10

. O

O
“Qe
Qe
0o
O

8

NOLTR 6331

la

[ ]
06400036E~02
04140013E-01
04300027E=01
06500045E-01
0+102009E=00
04163015E~00
0¢231021E-0Q0
04302027E~0Q0
06374034E~00
0e444040E-~00
04512046E 00
04578052E 00
0e724065E 00
04842076E 00
04933084E 00
0¢997090E 00
0¢103909E 01
0¢106110E 01
06¢106110E 01
04102109E 01
0e956086E 00
04880079E 00
0e799072E 00
0e718065E 00
0.640058E 00
06501045E 0O
04385035E~00
0e292026E=00
06¢219020E=00
0¢163015E~00
0¢121011E-00
0¢890080E=D1
06650058E=01
0¢480043E-0D1
0¢350031E-01
0¢260023E-01
0¢190017E-01
0¢140013E-01
0¢100009E-01
06691489E=-02
0+488044E-02
0¢328030£-02
0e268024E-02
04200018BE=-02
0e¢148Q13E~02
04120011E=0Q2
04800072E~03
0¢280025E=-03
0.119220E~09
Oe

=3

44546948

34204463
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=0 “0 Qe
O Q. Qe
Oe Oe Qe
-0 =0 =04
Oe O O
-0 =0, “0e
80 O Qe
. Qo Qe
-0 «Q Qe
01-25-1963
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00 3118¢5L.°0~ 00
00 3298128L°0- 00
00 32réE18°0- 00
00 208£8H2°0~- 00
00 3858588°0~- 10
00 3661926°0- 10
00 300.116°0- 10
10 3811201°0- 10
1) 3665L01°0~ 10
10 390Z£ti°0- 1O
L0 3656021°0- 10
10 35128210~ 10
to0 3IBBLLEL"0- 1D
10 316nLR1°0- 1O
10 3902651°0- 10
10 AMhONLL"O- (O
L0 38li£61°0~ LD
10 3£10022°0- 10

L0 312986270~ 1O
10 3690987°0- 10
10 3IBLEEZE0- 1O
10 3688RLET0- 10
10 30Lh9Hu"0- 1O
10 31866H1G°0—- 10
10 301210L°0- 20

10 36238225°0- 20
¢80 3860201°0- <0
20 398LhZ1°0- TO
¢0 3B8ScSHL"0- 20
23 2856£191°0- ¢

203 3L0698L°0- CTO

¢0 3839831 ¢~ O
70 319Zxit°0- 2O
¢0 3eB6ERL0- 20
10 3602642°0- 70
19 3£21926°0 €0
20 Jnehlegt0  £0
0 31228£6°0 €0
€0 3I2£E8hZ°0 £0

€0 3L90E9L°0 €0

w0 ILEESSLO0 €O

h) F69C96E°0 KO

S3 39998.1°0 %0
"0

{u)dzz

35gLEEB0— 00
2195696°0— 00
3060606°0- 00
328€£256°0~ 00
3100301°0~ 1D
3992521°0~ 10
JoLLLLL*o- 10
ALS9L1L"0- IO
3020521°0~ 10
IPLEFEL70~ 10
sonéehl 0- 190
3Z¢€0KS1°0—- 10
3090.21°0~ 10
3£6928L°0- 10
I082102°0- 10
169092270~ 19
265£852°0— 10
EIRAR 1 Rd R )

StLEeleo- 10
IwpsLeen=t- (O
JZihlsnt0- 10
J2E0N85°0— 1O
3R2212°0- 12
A£92606°0- 12D
A661021°0- €2

3164591°0— 20
390661 °0— €0
Ine6ZRT0- 20
A61910L°3— 20
ICOHTEL0- 22
IBHhO0G°0- 2¢O

AZLNTBY°0- 0
3L20982°0- 20
MNGLlglée 00— €90
J1ees0Lt0- €0
22nB2g1 00— £0
2099991°C- €9
H26S81ZT°0- £0
J9h020£70- £Q

3120220°0- €D

1920699°0- €9

2ZGHEILT0~ RO

E2A2 % R AR A, )
*2

(¥1se7

£0-1000000"1t
10 39652226287 =82

35£EEE8°0— 10-36069LE70
3195698°0— 10-3095014"0
In60606°0= L0-39nHBNR"0
31BE266°0- LO-3£0264°0
J100001L "0— LO-306ECHS™0
3992501 70— 10-3191009"0
I9LLLLL-D~ 10-3560699°0
5L69211°0- 10-3S196HL"0
3120521 °0— 10-3£515n8"0
3LLE€51°0— 10-30.L1656°0
S6h6gHl *0~ CO-3L11601°0
3019451 °0- 00-3£Zh9ZL*0
3610291 °0- 00-356L901°0
3102281 °0~ 00-2619111°0
15061027 9— 00-3L66102°0
319£922°9— 00-3LnSBEC"D
5560652 70— 00-3585182°0
3096508 °0- 00-35566Z£°0

3I162LE°0- 20-322h61€°0
3261CEN"0—" J0-210EROK"D
301220673~ GO-2£RZSCHD
32€9209°0- J0-32Llh6Eh°D
A9LLSHL 00— 00-3hegEhN"T
36h01S6°0— 00-2THEZERT0
3826221°0- 00-3£H9L20°0

2£98841°0— 00-3F2CLhE"0
d£e6S1C° 0~ 00-316901€°0
28GGh9C 0~ 00-32E2TBIC"0
32gTléee"d— 1G-3286022°0
28696t *0- CI-INl60LL"D
28816h5°0— CO-3LLLLCL"D

INLELIRLT0— 10-3LL5NGL")
20966S8°0— LU-39R0E6S°0
3561001 "0~ LG-ATLIBHR"D
ICGSELL *0- 10-3¢gl22E°D
36hEChi “0— L0-3936912C°D
2CB8HBLL"0— 10-31¢L8¢1°0
2¢221£¢°0— C0-37nESCL"1
26S212€°3- 2u—~323€612¢°0

3297€05°0- £6-30u3066°2
2163G89° 02— £0-378.0ch°0
A6t 601 "0~ £0-31CFLTL"D
Shh1G1E° 0+ RO~-32806C1°0
-3 -n

(41517 (417

=SNOILINN4IAVM 40 A3VHNIDV

12 2Tainensl

£961-52-1

Q24134 33Y1UVv4 Ad NOI AN130S

23-1IS6£E5€°0
2h-3249587°0
ZN-341£2999°0
Z3~3h32216°0
14 -3899121°0
1n~1166691°0
L5-3252152°0
L7 =320LEL1E"0
L2-3LFERCR"0
1"=1€212L5°0
I ~-389589L°0
0 -3€£Z8ZIL°0
0 -G126951°0
07-206£181°0
07 -36698£2°0
0 -22%8115°0
0 —DSGLEONTO
0" 322L915°0

167016970
RAPE R 1]
72020270
-0c68L3°0
RATA Rl it}
ToagRLioLto
TOHanend o

—_—o 0000

I #84Sh01°0
t 782¢3q0L ")
07 107268670
0" 763261670
Ou TZI9nEs"n
07 MLREQDLCO

0. 217219670
Q0 =T.Lnl9snn
0 -ugLro6Tnto
G -2F7209¢°0
0 -702hn0462°9
0 —-497g1TZ"9
0 -I97r9CL°D
17 —59046126°C
L. —2roR@In=n
L ="046822°0
1 =797¢25t D
[ A 4 ]

°n
(¥)1dZd

R*=73

0

J0J SN3TLONNS

€0-31902n6°0~
Z0-3651001°0~
20-3851802° 0~
20~3G6958IE° 0~
Z0~-339h954%° D~
20-10€1€L9°C~
29-2668166°0-
10-3¢29Gh1 *0-
10-=021E12°0-
10-396L0tF°0—
10-360U15R°0-
10-3266269°0-
10-259£2¢6°0~
NO-3690NEL *0-
00-2180061°06-
N0-3L26992C°0—-
No=-20810LE°0—
00 1206S506°0-

70 202¢GL9°0-
a0 268802L1°0—
00 17rEN28°0-
an IF60895°0-
10 3RS0~
tN 7261110
10 389921t°0-

L0 39£8C01°0-
a0 I6R9CL6°0—
G0 12906500
N0 2EL1R3T)ON-
fO-"CLETORT 0~
I o R CR thg

t0-3066H0861°0
AMN-TNORTILT0
60=-"CLLICT"0
fN-3RGLITE0
N0-323hZLRO
0-IhpghIRT 0
I N F AU
N)-3T4G0RsNC0

M0-¢s2 et
10-13¢L9CF N
n0=3505497°0
AY=2C690C1°0

11-3022L22°0
91-300.2k1L "0
91-3187968°0
€1-3%0629¢°0
w1 -32E€P2SE°0
c1-31e1122°0
71-3655851°0
71-36€5198°0
LL-R8461Z0S 0
013686355 °0
60-366C112°0
RO-3FLELELO
20-3181122°0
10-3625016°0
90-2564991€°0
G0-3G91561°0
"0-3689921 "0
nN=3HHCINLO

g0-260¢1GH°0
20-326°501°0
70-3ERCEGT 0
29-3001609°0
10-36Z0G6HL 0
[0-281749F %0
17382571570

00-3877631 °0
00-21662112°0
Qr=3002214°0
2N 3ZLindec0
3L TCLhn6PE 0
tn 20272e1 ¢

[ 2216h91°0
12 3607¢21°0
1n Z1ces1aeste
2 39¢L217°0
10 36809617€7°0
10 32unBET°0
g 3160920
{0 aNEenzZI°g

1o annlZet o
te 3¢27eG6L 0
[Ra I ey S N ]
on AT9G6£9°0

to 200008%*0
10 300009470
16 30000hh°0
10 30000Z4°0
10 30000010
10 300008£°0
10 300009€°0
10 30000HE°0
19 100002£°0
10 300000£°0
10 3000082°0
10 300009270
10 I0000HZ"O0
10 30000220
10 30000020
10 200008170
19 3000091°0
1o 300004170

19 20000710
10 390001170
o0 30000207t
20 100000670
&40 2000008°0
an 200000170
AN 200006970

an--00000579
20-200006%°0
a0-300000%°0
n0-30000GE°2
023-3000002£°0C
09-3000062°C

aN-2n00902°0
00-1100081°0
£0-3200091°0
00-20000H1E "0
0N-3000021 0
L2-2000000°1
10~2000008°0
16~3000009° 7

t9-2000G0%8°0
tn=ae0o0c0gsn
Ltg-aageoenz o
IN=-32000070°1

Y *Q =C

(%1524 (A1 d ¥

RT=3737000°1L =37TIWANLICSIT 4O ADVUNDDY
73 2gLhoe8sin =LY

(18d1N0) TTIHVXE

SAYM

=36 .
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00-36569085°0-
00-21.088£°0~
00-1162G66%270-
00-3IhglEON"0-
00—-3GhoZih 0
00-390202Z1°0—
00—-36&L62n°0-
00-3L91650°0—
00-38L060H° 0~
00-=31CE65M°0—
00-31010L0°0~
00-3ZtwIBH"0~-
00-3£12¢6%°0—~
00 3IZ£1S05°0-
00 JLERBESTO~
00 38£92£5°C-
00 3261.4%5°0-
00 I®95295°0-
00 32288.5°0-
00 3I8W0965°0-
00 382¢h19°0-
00 JE£9LEE9°0-
00 J29%%69°0-
00 39969.19°0-
00 380200L°0~
00 3655G2L°0~

00-220000%8°0~
00-3£91830°0—
00-3L9991H°0—
90-32€6520°0-
00-3¢82lhEn°0~-
Q0-Ifthhhhh D~
C0~3GnGShSh° 0~
00-32L1598°0~
00-31619.8°0~
00-35082234%°0-
C0 3ANG000G°0-
00 3t2821S5°0-
CO 191£92¢5°0~
00 JtRSONG O
00 396655670
00 3621iL6°0-
00 3IS£ZBBSG O~
00 3190909°0-—
00 3000529°0-
00 3191590
00 3199999°0-
00 3969689°0-—
00 2982h1L°0-
00 3LwlI0hL°0~
00 21€269L°0-
00 3100008°0-—

00-390000%° 0=
00-3£FLEOR 0
00-319991%°0~
00-22€662h° 0~
00-2¢8LuEN 0
00-3hnunth~0-
00-3G/GHGH 0~
00-39t1G69h° 0=
00-3161948°0-
00-2508.81°0—
00 300000S°5-—
00 3J123216°0-
00 291£9¢S°0—
00 ILHSONnSG 0-—
00 39955S5°0-
00 362hLLSE°0-
00 35¢¢885°0~
00 3J190909°0-—
00 3000529°0~
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